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ABSTRACT
If f(s) = Z2-, a, €™ be a Dirichlet series, where so+ it. f"(s) denote the derivative of’f And it is also

analytic foro <a. The growth of analytic function f(s) is studiddtdugh the order, lower order and type etc. Usheg t
results we find, the relative growth of mf™) and Ne,f™) with respect to mf;f) and NE.f), where m¢,f) and NEf)

are known as maximum term and rank of maximum term.
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INTRODUCTION

Let f(s) = X =q @, 25" pe a Dirichlet series, where 0) < Ay < ... <Ay > © as N- ®, s =0+ it

(o and t are real) anflz,, } .= be a sequence of complex numbers. We assume that

UM (Apsq — Ap)=0>0 (1.2)

n—m

Then we also have
2 imsup (2)=D <o (12)
An

The Dirichlet series defined above represents atya function in the half plane < a [1], [4]

loglag| ™"

An

a=lim, . Sup (1.3)

Foro <a, M (0), M (0) and N ©) are defined as follows:

M (0) = _.. 2E|f(0 +it),
M (0) = 725 {la, e},

And N@©) = 7% {n: m (0) = |a,|e”™),

Let f")(s) denote the "hderivative of . Then f(s) is also analytic foo < a. Likewise, MEf™), m(o:f™),

n(o:f™) can also be defined for the derivati((s).

The growth of analytic function f(s) is studieddbgh the order, lower order and type etc. The ordand lower

orden\, of f(s) are defined as [2]
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limsup loglog M)
o = inf log(1-e7— @)1

=2(0<\ sPsw) (1.4)

The study the growth of analytic function f(s) witee order P = 0, the concept of logarithmic ofeand lower

logarithmic ordei” of f(s) introduced and they are defined as [3]

lim sup loglogMis)
o = inf loglog(1—s7 %)~ *

= ﬁ__ 1<\ <P <) (1.5)

It has also been proved that

lim sup loglogMic) _ P_
o = inf loglogil— a':"_'x}_'-_/l' (16)
And
s limn logliy(p(1-67 %3] .
1< <
P-1<o5a Sup loglogii—s?~ =% — P (1.7)

The coefficient characterization of logarithmic erd® have been obtained under the stronger conditigh.a$

!og+l:ﬂ:.ln+lng|rzn|} "

lim -
Max{]-’ g=SUP loglogd, =F (1.8)

In this chapter we study the relative growth obwfi{’) and NE:f™) with respect to nt(;f) and NE.f).

2. Theorem 1: Let f(s) =Ef=1 a e**" pe analytic function in the half plare < a, satisfying (1.3). If

logarithmic order of f(s) then

_ s .
lim sup loglogh (e, f*7) _ P 1 <N <P < o) (2.1)

c—ainf  Jpglogil-e”~ %)t e

Where fY(s) is the derivative of f(s).

Proof we have
f(X(s) =X, a, A& (2.2)

The above series converges absolutelyofdara; < a. Hence we have

lim

1 J‘T e~(e+itdin £(1) (5 1 1) dt‘

|an] An = g

T =

Or |al An < exp (oA,) M(o:fY) for all values of n. Then we have

An) M©) < M(0:f®) (2.3)
leglegm (&) log[1+log Ay (g 10g M(a)
loglog (1— g%~ %)% loglogll— g%~ %)%
loglogMic)

" logloglil—gT —2)—1
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Taking limits axo - a we get (2.1),

To obtain reverse inequality, use (1.8).

For any giveril > 0 and all n > n[{) we have
Log |a| < (logh)" -a A, p=P*+0.

Also

M (02f) < T*_, exp[2(logi, )* + (o — c)A ] (2.5)
Or M (0:f%) < Q(ny) + X =, 4 exp[2(logd, )¥ + (o — fl’]xln],

Where Q(1) is the sum of first iterms and is bounded. Now it can easily be searifth

H(x) = (log x} — 1, r>0

Thenngzlzxnm:x}= [log(ﬁjr - p

M (o.f%) <0 (1) + N exp[z (log 2 )“ - H] +

E—a
Xr-ysrexp[2(logd, )* — (@ — J]An]
Also for o sufficiently close tax and n > N, we have

Timyar exp(2(logA)* — (= )A)< Ty, (1222

n

Where, > log (—J and l'm Sup . =D w

4
s Xioysrexpl(Z2logd ¥ — (a—0)d,}=0=1 aw-a

. (h]
lim sup loglogM{of ™) s
Hence o2 o-ay1 <P

loglog(1—
Again since 1 " <, them from (1.6) and (1.7) we have for any arbjtsmall >0,
log m@E) >[log (1 - &€ A" -0

And log Pyl - € 9] <log {log (1 - € “)}P" +0

Therefore

lim Sup log Ay

o _l.:.g,w =i 0 (2.7)
Similarly

lim lng‘ih‘f:r'_ff'_ﬁ:' =0 (28)

o3*E logm (elf (1))
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Also from (2.2)

m (0:f%) £ M ©) M1 (2.9)
Or

ol
Or
lim inf _loglog Mo f ) (2.11)
T loglog (1—e"~%)~1

Combining the results (2.4), (2.6) and (2.11) we(8el). Now we will prove some results which cocine (O, f)

and m @, fV).
3. Theorem 2:Let f(s) = 2*_; a, s be analytic in a half plane < a, of logarithmic order Pand lower
logarithmic ordei”, where 1 A" < P < oo, than

)
lmsup | men }_p* (3.1)

v E-:I—{L:I—‘_

loglog(1-
Prof we have from (2.10)

m (©:f") < m ©) M) (3.2)

_lenia|Anie expie Ay op

Again m @) = |ayg)| exp 0 Ane)

s

Therefore,
m (©) £ m (01 Y/ Ay (3.3)
From (3.2) and (3.3) we get

LICY il R
R e (G (3.4
From the above inequality we have

r (41 g7 %
log[Ay(p (1-7 %)) lng{ml__a._f'— jl‘l_m ]
logiogll—eT —E)—1 loglogl1-e7—2)~1
Taking superior limit and using (1.7) we get
N
- lug[[mi}ifg](l— g':'—.x]]
P*< ol S (3.5)
loglog (1= ~%)

But the theorem 1,M(s) is also analytic function of some logarithmicler P and lower ordeA”. Therefore,
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using other half of (3.4) we get

|’IU_J;-' ﬂ;I(ﬂ—e':'_'x:
lin Sup logm m oy [
o~ legiogil—g® ~%)—*

Combing (3.5) and 3.6), we get (3.1)

(3.6)

Corollary 1: If f(s) is of logarithmic order P* arldwer logarithmic ordeA”, when 1 <\" < P < 0 and f(s),

then

L
lng{mlcl.h“r ] (1-e""%)
lin Sup mlay f1

= P*
T loglogll=—g¥ %)—2

Proof: Writing (3.4) for K" derivative of f(s), we have

f e £l
m (o, f <)\ N(o,fk)

ANty < ey <

mie, f
If follows from the definition that

)\N(o) < )\N(clf(l)) <. }\N(olf(n)) <.

(3.7)

(3.8)

PuttingK=1, 2, ..... nin (3.8) and multiplyiad the inequalities thus obtained. We get

(3.9)

Now multiplying (3.9) by (1 - & %) and taking limits we get the result (3.7) usiag’j and (3.9).

Corollary 2: For 1 < P* <0 and for allo; 0, <0 <a we have
m (0:f™ < m@) [log (1 - & 4" ]"F {1 - &” %"
We obtain this result directly from (3.7)

4. Lletw (©10) = )\N(olf(N)) - Ao

Then w @, n) is a non negative, non decreasing differenoetfan ofo for n = 1, 2,

function of logarithmic order Fand lower logarithmic ordér” 1 <A" < P < and
w(oln)- waso » aforanyn=1,2, ...

Now we prime the following theorem

Theorem 3: Forn=1,2, ..... and for some suitablaea,, we have
* i &
P = nloglog{l—-% %)% IED(W[}F,TE) + an(y)}dy

Wherev (y) =€ “/1—-¢ ¢

Proof: For an analytic function f(s) defined by (1.1) have (3.7)
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log m() = 0(1) +_r: ,11.,,-_}ﬁ dy,0o<0<a (4.2)
o LF¥F)

Hence we have

log m(o; ) = 0(1) D j: Anyy pmy 4 (4.3)

)

Thus from (4.2) and (4.3) we have forayl oo <o <a

m 1/n

0g (2L = 0(1) +2 [T wymdy

fm('_:“_fn}]%
orlogq tmlef1) (1 — go=)

e s e L
=0 += 7 wy,m) + [T ——dy
noy &gl

—gy-a
=0(1) +§f;[W(}nﬂ] + nv (3)]dy.

Dividing both the sides by log log (1 2 €)™ and taking superior limit we get (4.1).
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